The purpose of this paper is to study the relationships between the support of a re nable distribution and the global and local linear independence of the integer translates of : It has been shown elsewhere that a compactly supported distribution has globally independent integer translates if and only if has minimal convex support. However, such a distribution may have \holes" in its support. By insisting that 2 L 2 (R) and generates a multiresolution analysis, Lemari e and Malgouyres have ensured that no such holes can occur. In this article we generalize this result to re nable distributions. We also prove the equivalence of the local linear independence and the global linear independence of the integer translates of :
Introduction and Basic Concepts
This paper investigates the support of a re nable distribution and the global and local linear independence of the integer translates of : These ideas are fundamental in wavelet theory and have been studied considerably elsewhere (e.g. 3] , 5], 9], 6], 7]). We say that a distribution is re nable if there exist scalars p k for which satis es (x) = X j2Z p k (2x ? j) : (1) We use the term re nable rather than scaling distribution to emphasize that we do not assume that is an L p function; need not generate a multiresolution analysis (MRA) for our results.
Deslauriers and Dubuc 5] showed that if is a re nable distribution and p k = 0 for k < 0 and for k > M in (1) then has its support in 0; M] : Chui and Wang 3] have shown that the convex closure of supp ( ) is 0; M] : Throughout this paper, we say that the convex support of is the closure of supp ( ).
It has been shown that the convex support of a compactly supported distribution is related to the linear independence of the integer translates of :
Before going on, let us make some of our terminology more precise. Throughout this paper, we denote the set of integer translates of by T = f ( ? n)g n2Z :
We say that T is globally linearly independent (GLI) if For greater clarity, we will tend to speak in terms of the GLI of T rather than the minimal convex support of . Two natural questions to ask at this point are whether the support of could actually have any \holes" in it, and what conditions can be placed on to ensure that no such holes exist. Certainly, it is not hard to conjure up an example of a compactly supported, re nable function which has as its support the union of disjoint closed intervals, e.g. A few remarks are in order. Since the multiresolution analysis (MRA) hypothesis is crucial in their proof, it is not obvious that the result holds for a general re nable distribution :
We also note that, in general, the second conclusion of Theorem 1.2 is weaker than obtaining local linear independence on arbitrary intervals. To be precise, we follow Goodman and Lee 6] and say that T is locally linearly independent on a nontrivial interval (a; b) if P k2Z d k ( ? k) = 0 on (a; b) implies that d k = 0 for all k for which ( ? k) is not identically zero on (a; b) : When T is locally linearly independent on arbitrary intervals, we simply say that T is locally linearly independent (LLI). It is obvious that if T is LLI, then it is also GLI, but the converse is not true. To further illustrate the connections between the concepts discussed here, consider the example ' (t) = t 0;1) (t) + 1;3) (t) :
Note that T ' is GLI but not LLI. Also observe that ' does not have minimal support in spanT ' . The function (x) = ' (x) ?' (x ? 1) has minimal support in spanT ' , but its support has a \hole" in it, and T is not GLI. However, ' in this example is not re nable.
There are two goals of this paper. The rst is to show that the 2 L 2 (R) and MRA hypotheses in Theorem 1.2 can be replaced by requiring to be a re nable distribution. Secondly, we will prove the equivalence of GLI and LLI of a compactly supported re nable distribution.
Before continuing, we need to de ne the concept of \support" more carefully, since it has been used in a variety of ways in the literature. For ' 2 D (R) ; we de ne the support of ' in the usual way, as the closure of fx 2 R : ' (x) 6 = 0g :
To cope with the issue of possible \holes" in the support of a function, we avoid the use of \interval" support. Instead, we use the following standard de nition of support (see e.g. 11]).
An Interpolation Result
In this section, we shall prove an interpolation result for a system of generalized exponential functions. For this purpose we rst introduce a result for generalized Vandermonde matrix.
For z 2 C ; let X(z) = (1; z; ; z n?1 ) T be an n-dimensional vector, and 
is nonsingular if and only if i 6 = 0 8i; and i 6 = j for i 6 = j: (6) Proof. Denote the kth column in V i by v k and the jth column in U i by u j : By
By lemma 3, we obtain the su cient and necessary condition (6). A crucial tool for this approach is a local dual basis for spanT : The existence of this basis is ensured by the following theorem independently due to Ben-Artzi and Ron 1], and to Zhao 12] The following corollary will be quite useful. Proof. Since is compactly supported and T is GLI, we may assume there is some M 2 N for which satis es (2). We may also assume WLOG that there is an R 2 N for which R M and Lsupp ( ) 0; R] : Choose k so that
Proof. WLOG k = 1: From (10) 
Since T is GLI, P 0 (z) and P 1 (z) have no common zero, dim S = M ?1: Then by We are nally ready for a proof of Theorem 1.3.
Proof of Theorem 1.3.
Since satis es (2), it has compact support. Then Theorem 1.1 says that has minimal convex support in spanT : The following corollary concerning minimal support is immediate.
